
Classical Planning
Part 2: Heuristics

Gabriele Röger
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Heuristic Search Planning

Informed forward state space search

A heuristic estimates the cost from a given state to the closest goal.

Standard best-first search such as A∗ (Hart et al., 1968)

or greedy best-first search (Pearl, 1984)

Many variations:

helpful actions/preferred operators (Helmert, 2006; Hoffmann and Nebel, 2001)

diversification (Imai et al., 2011; Lipovetzky et al., 2017; Xie et al., 2014)

partial-order reduction (Haslum and Geffner, 2000; R. C. Holte et al., 2014; Wehrle,

Helmert, Alkhazraji, et al., 2013)

symmetry-elimination (Domshlak, Katz, et al., 2012, 2015; Wehrle, Helmert, Shleyfman,

et al., 2015)

exploiting distance-information (Thayer et al., 2011)

combination with local search (Hoffmann and Nebel, 2001)
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Heuristics

A heuristic estimates the cost from a given state to the closest goal.

heuristic h : S → R+
0 ∪ {∞}

perfect heuristic h∗: h∗(s) cost of optimal solution from s
(∞ if unsolvable)
properties of heuristics h:

safe: (h(s) = ∞ ⇒ h∗(s) = ∞) for all states s
goal-aware: h(s) = 0 for all goal states s
admissible: h(s) ≤ h∗(s) for all states s

consistent: h(s) ≤ cost(o) + h(s ′) for all transitions s
o−→ s ′
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Coming Up with Heuristics in a Principled Way

General Procedure for Obtaining a Heuristic

Simplify the problem, for example by removing problem constraints.

Solve the simplified problem (ideally optimally).

Use the solution cost for the simplified problem as a heuristic for the real problem.

As heuristic values are computed for every generated search state,
it is important that they can be computed efficiently.
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Relaxing a Problem: Example

Example (Route Planning in a Road Network)

The road network is formalized as a weighted graph over points
in the Euclidean plane. The weight of an edge is the road distance between two
locations.

Example (Relaxation for Route Planning)

Use the Euclidean distance
√
|x1 − x2|2 + |y1 − y2|2

as a heuristic for the road distance between ⟨x1, y1⟩ and ⟨x2, y2⟩
This is a lower bound on the road distance (⇝ admissible).

⇝ We drop the constraint of having to travel on roads.
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Planning Heuristics: Main Concepts

Major ideas for heuristics in the planning literature:

delete relaxation (Haslum and Geffner, 2000; Hoffmann and Nebel, 2001)

abstraction (Edelkamp, 2001; Helmert, Haslum, Hoffmann, and Nissim, 2014; Seipp and

Helmert, 2018; Sievers and Helmert, 2021)

critical paths (Haslum, Bonet, et al., 2005)

landmarks (Büchner et al., 2023; Hoffmann, Porteous, et al., 2004; Richter et al., 2010)

network flows (Bonet, 2013; Bonet and van den Briel, 2014; Pommerening, Röger, et al., 2014)

potential heuristics (Fǐser et al., 2020; Pommerening, Helmert, et al., 2015; Seipp,

Pommerening, et al., 2015)
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Delete Relaxation: Idea

In STRIPS planning tasks, good and bad effects are easy to distinguish∗:

Operator preconditions and the goal are conjunctions of atoms.

Add effects are good, delete effects are bad for achieving the goal.

Idea: discard all delete effects to simplify the problem.

(*) beyond STRIPS, we can efficiently transform a task into a positive normal form with this property.
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Delete-Relaxed Planning Tasks

Definition (Delete Relaxation of STRIPS Tasks)

The delete relaxation Π+ of a STRIPS planning task Π = ⟨V , I ,O, γ⟩
is the task Π+ := ⟨V , I , {o+ | o ∈ O}, γ⟩, where
pre(o+) = pre(o), add(o+) = add(o) and del(o+) = ∅.

Definition (Delete Relaxation of Operator Sequences)

The delete relaxation of an operator sequence π = ⟨o1, . . . , on⟩
is the operator sequence π+ := ⟨o+1 , . . . , o+n ⟩.
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Relaxation Lemma

Lemma (Relaxation)

Let s and s ′ be states with s ⊆ s ′.

1 If π is an operator sequence applicable in s,
then π+ is applicable in s ′ and sJπK ⊆ s ′Jπ+K.

2 If additionally π leads to a goal state from state s,
then π+ leads to a goal state from state s ′.

Consequences:

⇝ If π is a plan for Π, then π+ is a plan for Π+.

⇝ Delete relaxation is no harder to solve than original task.

⇝ Optimal relaxed plans are never more expensive
than optimal plans for original tasks.
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Optimal Delete Relaxation Heuristic

The optimal delete relaxation heuristic h+ uses
the perfect goal distances in Π+ as heuristic estimates.

Optimal delete-free planning is still NP-complete.

How can we use relaxations for heuristic planning in practice?

Different possibilities:

Do not actually solve the relaxed planning task,
but compute an approximation of its solution cost.
⇝ hmax heuristic, hadd heuristic

Compute a solution for relaxed planning tasks
which is not necessarily optimal, but “reasonable”.
⇝ hFF heuristic
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Relaxed Task Graph

Definition

For a STRIPS planning task Π = ⟨V , I ,O,G ⟩ (in set representation), the relaxed task
graph RTG(Π+) is the AND/OR graph ⟨Nand ∪ Nor,A, type⟩ with

Nand = {no | o ∈ O} ∪ {vI , vG}
with type(n) = ∧ for all n ∈ Nand,

Nor = {nv | v ∈ V }
with type(n) = ∨ for all n ∈ Nor, and

A = {⟨na, no⟩ | o ∈ O, a ∈ add(o)} ∪
E = {⟨no , np⟩ | o ∈ O, p ∈ pre(o)} ∪
E = {⟨nv , nI ⟩ | v ∈ I} ∪
E = {⟨nG , nv ⟩ | v ∈ G}
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RTG: Example

V = {a, b, c , d , e, f }, I = {a, d}, G = {b, c , e, f }

pre(o1) = {a} pre(o2) = {b, c} pre(o3) = {d}
add(o1) = {b, c} add(o2) = {d , e} add(o3) = {f }
cost(o1) = 1 cost(o2) = 2 cost(o3) = 1

a b c d e f

I

o1

+1

o2

+2

o3

+1

G
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hmax Algorithm

Computing hmax Values

Associate a cost attribute with each node.
for all nodes n:

n.cost :=∞
while no fixed point is reached:

Choose a node n.
if n is an AND node that is not an operator node:

n.cost := maxn′∈succ(n) n
′.cost

if n is a node for operator o:
n.cost := cost(o) + maxn′∈succ(n) n

′.cost
if n is an OR node:

n.cost := minn′∈succ(n) n
′.cost

The overall heuristic value is the cost of the goal node, nG .cost.
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hmax: Example of Efficient Computation
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hmax: Example of Efficient Computation
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hmax: Example of Efficient Computation
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hmax: Example of Efficient Computation
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hadd Algorithm

(Differences to hmax algorithm highlighted.)

Computing hadd Values

Associate a cost attribute with each node.
for all nodes n:

n.cost :=∞
while no fixed point is reached:

Choose a node n.
if n is an AND node that is not an operator node:

n.cost :=
∑

n′∈succ(n) n
′.cost

if n is a node for operator o:
n.cost := cost(o) +

∑
n′∈succ(n) n

′.cost
if n is an OR node:

n.cost := minn′∈succ(n)n′.cost

The overall heuristic value is the cost of the goal node, nG .cost.
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hadd: Example of Efficient Computation
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hadd: Example of Efficient Computation
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Best Achievers Induced by hmax and hadd

Which choices do hmax and hadd make?

At every OR node n, we set the cost of n
to the minimum of the costs of the successors of n.

The motivation for this is to achieve n via the successor
that can be achieved most cheaply according to our cost estimates.

A best achiever of an OR node n is a successor with minimal associated cost
among all successors of n (processed before n).
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The FF Heuristic

The FF heuristics computes a plan by determining a set of operators
that can be sequenced into a (non-optimal) relaxed plan.

Definition (FF Heuristic)

The FF heuristic hFF(s) for a state s is computed as follows:

Construct the relaxed task graph for the task (using s for the initial state).

Compute hadd to determine best achievers.

For each OR node, discard all outgoing edges except one to a best achiever.

Compute the set of operator nodes {no1 , . . . , nok} reachable from goal node nG .

Return hFF(s) =
∑k

i=1 cost(oi ).

Note: hFF is not well-defined; different tie-breaking policies
for best achievers can lead to different heuristic values.
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hFF: Example
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Relationships between Delete Relaxation Heuristics (1)

Theorem

Let Π be a STRIPS planning task and let s be a state of Π.

Then:

1 hmax(s) ≤ h+(s) ≤ hFF(s) ≤ hadd(s)

2 hmax(s) =∞ iff h+(s) =∞ iff hFF(s) =∞ iff hadd(s) =∞
3 hmax and h+ are admissible and consistent.

4 hFF and hadd are neither admissible nor consistent.
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Literature Pointers

(Some) delete-relaxation heuristics in the planning literature:

additive heuristic hadd (Bonet, Loerincs, et al., 1997)

maximum heuristic hmax (Bonet and Geffner, 1999)

(original) FF heuristic (Hoffmann and Nebel, 2001)

cost-sharing heuristic hcs (Mirkis et al., 2007)

set-additive heuristics hsa (Keyder and Geffner, 2008)

FF/additive heuristic hFF (Keyder and Geffner, 2008)

local Steiner tree heuristic hlst (Keyder and Geffner, 2008)

⇝ also hybrids such as semi-relaxed heuristics

⇝

(Domshlak, Hoffmann, et al., 2015; Keyder, Hoffmann, et al., 2014)

⇝

and delete-relaxation landmark heuristics

⇝

(Helmert and Domshlak, 2009; Keyder, Richter, et al., 2010)
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Abstraction: Example

concrete transition system
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Abstraction: Example

abstract transition system

LRR

LLR

LLL

LRL
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LRL

LLL

ALR ARL

ALL ARR

BLL
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BLR

ALR ARL
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BLL BRR
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RLR

RLLRLL
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RRR

Note: Most arcs represent many parallel transitions.
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Abstractions

Definition (Abstraction)

Let T be a transition system with state set S .

An abstraction of T is a function α : S → Sα, where Sα is an arbitrary set.

Without loss of generality, we require that α is surjective.

Intuition: α maps the states of T to another (usually smaller) abstract state space.
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Abstract Transition System

Definition (Abstract Transition System)

Let T = ⟨S , L, c,T , s0, S⋆⟩ be a transition system,
and let α : S → Sα be an abstraction of T .
The abstract transition system induced by α, in symbols T α,
is the transition system T α = ⟨Sα, L, c ,Tα, sα0 ,S

α
⋆ ⟩ defined by:

Tα = {⟨α(s), ℓ, α(t)⟩ | ⟨s, ℓ, t⟩ ∈ T}
sα0 = α(s0)

Sα
⋆ = {α(s) | s ∈ S⋆}
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Abstraction Heuristics: Example
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hα(LRL}) = 2
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Abstraction Heuristics

Definition (Abstraction Heuristic)

Let α : S → Sα be an abstraction of a transition system T .
The abstraction heuristic induced by α, written hα,
is the heuristic function hα : S → R+

0 ∪ {∞} defined as

hα(s) = h∗T α(α(s)) for all s ∈ S ,

where h∗T α denotes the goal distance function in T α.

Precomputation phase with explicit construction of abstract transition system
and computation of abstract goal distances.

For the heuristic evaluation during search,
only store the abstraction function and the abstract goal distances.

Abstraction heuristics are consistent and admissible.
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Abstraction Heuristics
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hα(s) = h∗T α(α(s)) for all s ∈ S ,

where h∗T α denotes the goal distance function in T α.
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For the heuristic evaluation during search,
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Four Classes of Abstractions: Concrete Transition System

a1 a2 a3 a4

b1 b2 b3 b4

c1 c2 c3 c4
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Four Classes of Abstractions: Projection/Pattern Database

a1 a2 a3 a4

b1 b2 b3 b4

c1 c2 c3 c4

Culberson et al., 1996; Edelkamp, 2001
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Four Classes of Abstractions: Domain Abstraction

a1 a2 a3 a4

b1 b2 b3 b4

c1 c2 c3 c4

Hernádvölgyi et al., 2000
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Four Classes of Abstractions: Cartesian Abstraction

a1 a2 a3 a4

b1 b2 b3 b4

c1 c2 c3 c4

Seipp and Helmert, 2018
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Four Classes of Abstractions: Merge-and-Shrink Abstraction

a1 a2 a3 a4

b1 b2 b3 b4

c1 c2 c3 c4

Dräger et al., 2009; Helmert, Haslum, Hoffmann, and Nissim, 2014; Sievers and
Helmert, 2021



Heuristic Search Delete Relaxation Abstraction Cost Partitioning Summary References

Content

Heuristic Search

Delete Relaxation

Abstraction

Abstraction in
General

Pattern Databases

Merge & Shrink

Cartesian
Abstractions

Cost Partitioning



Heuristic Search Delete Relaxation Abstraction Cost Partitioning Summary References

Pattern Database Heuristics

The oldest commonly used abstraction heuristics in search
and planning are pattern database (PDB) heuristics.

PDB heuristics were originally introduced
for the 15-puzzle (Culberson et al., 1996)

and for Rubik’s cube (Korf, 1997).

The first use for domain-independent planning
is due to Edelkamp, 2001.
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Projections

Pattern database heuristics are abstraction heuristics
induced by a particular class of abstractions called projections.

For a pattern P ⊆ V , the projection πP is defined as πP(s) := s|P .
This simply discards all variables that are not in the pattern.

πP maps two states s1 and s2 to the same
abstract state iff they agree on all variables in P.

We can simply discard all variables that are not in P from the task.
The transition system of the resulting task is isomorphic
to the induced abstract transition system.
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Example: Transition System
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Example: Projection (1)

Abstraction induced by projection on 1st variable:
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Example: Projection (2)

Abstraction induced by projection on 1st and 2nd variable:
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Example: Projection (2)

Abstraction induced by projection on 1st and 2nd variable:
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Major Topics on Pattern Databases

Additive PDBs (with admissible sums of estimates)
(Haslum, Botea, et al., 2007; Korf and Felner, 2002)

Finding good patterns/pattern collections
(Edelkamp, 2006; Franco et al., 2017; Haslum, Botea, et al., 2007; Rovner et al., 2019)

Strengthening PDBs (Haslum, Bonet, et al., 2005)

Compact representation of the pattern database
(Breyer et al., 2010; Edelkamp, 2002; Felner et al., 2007; Schmidt et al., 2011)
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Merge-and-shrink: Idea

Factored transition system: set of small transitions systems (“factors”)
representing a large product transition system
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Factored transition system: set of small transitions systems (“factors”)
representing a large product transition system
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Merge-and-shrink Transformations: Merging

Replace two factors by their synchronized product
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Merge-and-shrink Transformations: Merging

Replace two factors by their synchronized product
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Merge-and-shrink Transformations: Merging

Replace two factors by their synchronized product
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Merge-and-shrink Transformations: Merging

Replace two factors by their synchronized product
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Merge-and-shrink Transformations: Merging

Replace two factors by their synchronized product
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Merge-and-shrink Transformations: Merging

Replace two factors by their synchronized product
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Merge-and-shrink Transformations: Merging

Replace two factors by their synchronized product



Heuristic Search Delete Relaxation Abstraction Cost Partitioning Summary References

Merge-and-shrink Transformations: Shrinking

Apply abstraction to some factor
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Merge-and-shrink Transformations: Shrinking

Apply abstraction to some factor
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Merge-and-shrink Transformations: Shrinking

Apply abstraction to some factor
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Merge-and-shrink Transformations: Shrinking

Apply abstraction to some factor
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Literature on Merge and Shrink

Original framework from model checking (Dräger et al., 2006)

Transferred to planning (Helmert, Haslum, and Hoffmann, 2007; Helmert, Haslum,

Hoffmann, and Nissim, 2014).

Strategies for merging and shrinking (Fan, R. Holte, et al., 2018; Fan, Müller, et al., 2014;

Helmert, Haslum, Hoffmann, and Nissim, 2014; Nissim et al., 2011; Sievers, Keller, et al., 2024;

Sievers, Wehrle, et al., 2016)

Label reduction (Sievers, Wehrle, et al., 2014)

M&S Theory (Helmert, Röger, et al., 2015; Sievers and Helmert, 2021)

Combination with saturated cost partitioning (Sievers, Pommerening, et al., 2020)



Heuristic Search Delete Relaxation Abstraction Cost Partitioning Summary References

Content

Heuristic Search

Delete Relaxation

Abstraction

Abstraction in
General

Pattern Databases

Merge & Shrink

Cartesian
Abstractions

Cost Partitioning



Heuristic Search Delete Relaxation Abstraction Cost Partitioning Summary References

Counterexample-Guided Abstraction Refinement

Counterexample-guided abstraction refinement (CEGAR) is an approach
to compute a tailored abstraction for a task (or to solve it).

Start with a very coarse abstraction.

Iteratively compute an (optimal) abstract solution and check
whether it works for the concrete tasks.

If yes, the task is solved.
If not, refine the abstraction so that the same flaw
will not be encountered in future iterations.

CEGAR is a technique originally introduced for model checking (Clarke et al., 2000),

transferred to planning by Seipp and Helmert, 2018.



Heuristic Search Delete Relaxation Abstraction Cost Partitioning Summary References

Cartesian Sets and Abstractions

Definition

A set of states for a planning task with variables ⟨v1, . . . , vn⟩ is called Cartesian
if it is of the form A1 × · · · × An, where Ai ⊆ dom(vi ) for all 1 ≤ i ≤ n.

{L, I} × {R} × {L,R} = {(L,R, L), (L,R,R), (I ,R, L), (I ,R,R)}

LRL LRR

IRL IRR

Definition

An abstraction α is Cartesian if all abstract states
correspond to Cartesian sets of concrete states.
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CEGAR Algorithm

Generic CEGAR algorithm for planning task Π

T := TrivialAbstractTransitionSystem(Π) ← one abstract state
while not TerminationCondition(): ← e.g. time/memory limit

τ := FindOptimalTrace(T ) ← abstract solution (path in T )
if τ is “no trace” then return Π unsolvable
F := FindFlaw(τ,Π, T ) ← reason why τ does not work in the non-abstract task
if F is “no flaw” then

return label sequence of τ as plan for Π
T := Refine(T ,F )

return T
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Flaws

A flaw is a reason why (the label sequence of) τ does not solve Π
the way it solves the abstract system T (with abstraction α).

Start from the initial state of Π and iteratively apply the next operator (label) o from τ .

Precondition flaw: o is not applicable in the current state s.

Goal flaw: the final state is not a goal state.

Deviation flaw: the next abstract transition is a
o−→ a′, the current concrete state

is s with α(s) = a but for successor state s ′ = sJoK we have α(s ′) ̸= a′

(deviating from the abstract path).

Also flaws beyond the first issue (Pozo et al., 2024a) and regression flaws (Pozo et al., 2024b)
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Extracting Flaws for Split

[s]
d e

s
c

s is a concrete state, reached by the simulation of the abstract plan on the
concrete problem.

c ⊆ [s] is a non-empty Cartesian set,

the abstract plan relied on “being in c” but s /∈ c .

Precondition flaw: set of concrete states in [s] in which o is applicable
Goal flaw: set of concrete goal states in [s]
Deviation flaw when applying o in s: set of concrete states in [s] from which o leads
into the intended abstract state (c can be determined with regression).

[s] gets split into abstract states d and e.
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Example: Two Packages, One Truck
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RLR RLL
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LRR LRL

RRR RRL

IRR

IRL

{L, I ,R} × {L, I ,R}
×{L,R}
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Example: Two Packages, One Truck

LLR LLL
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IIL IIR

RIR

IRR
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ILR
RLR RLL

RIL
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LRR LRL
IRL

LLR LLL

LIL

LIR

ILR

ILL

IIL IIR

RLR RLL
RIL

RIR

LRR LRL

RRR RRL

IRR

IRL

{L, I ,R} × {L, I ,R}
×{L,R}

Abstract plan ⟨⟩ ends in state LLL, which is not a goal.
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Example: Two Packages, One Truck

LLR LLL

ILL

LIL

IIL IIR

RIR

IRR
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RIL
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IIL IIR

RLR RLL
RIL

RIR

LRR LRL

RRR RRL

IRR

IRL

{L, I ,R} × {L, I ,R}
×{L,R}

Abstract plan ⟨⟩ ends in state LLL, which is not a goal.
Refine {L, I ,R} × {L, I ,R} × {L,R} with split (LLL, {R} × {R} × {L,R}).
⇝ split on first or second variable;
⇝ {L, I} × {L, I ,R} × {L,R} and {R} × {L, I ,R} × {L,R}
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Example: Two Packages, One Truck
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Abstract plan ⟨⟩ ends in state LLL, which is not a goal.
Refine {L, I ,R} × {L, I ,R} × {L,R} with split (LLL, {R} × {R} × {L,R}).
⇝ split on first or second variable;
⇝ {L, I} × {L, I ,R} × {L,R} and {R} × {L, I ,R} × {L,R}
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Example: Two Packages, One Truck
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{L, I} × {L, I ,R}
×{L,R}

{R} × {L, I ,R}
×{L,R}

Abstract plan ⟨dropA,R⟩; first action inapplicable in LLL.
Refine {L, I} × {L, I ,R} × {L,R} with split (LLL, {I} × {L, I ,R} × {R}).
⇝ split on first or third variable;
⇝ {L, I} × {L, I ,R} × {L} and {L, I} × {L, I ,R} × {R}
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Abstract plan ⟨dropA,R⟩; first action inapplicable in LLL.
Refine {L, I} × {L, I ,R} × {L,R} with split (LLL, {I} × {L, I ,R} × {R}).
⇝ split on first or third variable;
⇝ {L, I} × {L, I ,R} × {L} and {L, I} × {L, I ,R} × {R}



Heuristic Search Delete Relaxation Abstraction Cost Partitioning Summary References

Example: Two Packages, One Truck
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{L, I} × {L, I ,R}
×{L}

Abstract plan ⟨moveL,R , dropA,R⟩; second action inapplicable in LLR.
Refine {L, I} × {L, I ,R} × {R} with split (LLR, {I} × {L, I ,R} × {R}).
⇝ split on first variable;
⇝ {L} × {L, I ,R} × {R} and {I} × {L, I ,R} × {R}
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Abstract plan ⟨moveL,R , dropA,R⟩; second action inapplicable in LLR.
Refine {L, I} × {L, I ,R} × {R} with split (LLR, {I} × {L, I ,R} × {R}).
⇝ split on first variable;
⇝ {L} × {L, I ,R} × {R} and {I} × {L, I ,R} × {R}
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Example: Two Packages, One Truck
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{R} × {L, I ,R}
×{L,R}

{L, I} × {L, I ,R}
×{L}

{I} × {L, I ,R}
×{R}

Abstract plan ⟨moveL,R , dropA,R⟩; deviation flaw at first transition.
Refine {L, I} × {L, I ,R} × {L} with split (LLL, {I} × {L, I ,R} × {L}).
⇝ split on first variable;
⇝ {L} × {L, I ,R} × {L} and {I} × {L, I ,R} × {L}
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Abstract plan ⟨moveL,R , dropA,R⟩; deviation flaw at first transition.
Refine {L, I} × {L, I ,R} × {L} with split (LLL, {I} × {L, I ,R} × {L}).
⇝ split on first variable;
⇝ {L} × {L, I ,R} × {L} and {I} × {L, I ,R} × {L}
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Cost Partitioning

Idea: Cost Partitioning

create copies Π1, . . . ,Πn of planning task Π

each has its own operator cost function costi : O → R+
0

(otherwise identical to Π)

for all o: require cost1(o) + · · ·+ costn(o) ≤ cost(o)

⇝ sum of solution costs in copies is an admissible heuristic:
h∗Π1

+ · · ·+ h∗Πn
≤ h∗Π

(Katz et al., 2008, 2010; Yang et al., 2008)
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Cost Partitioning

for admissible heuristics h1, . . . , hn,
h(s) = h1,Π1(s) + · · ·+ hn,Πn(s)
is an admissible estimate

h(s) can be better or worse than any hi ,Π(s)
→ depending on cost partitioning
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Cost Partitioning

for admissible heuristics h1, . . . , hn,
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Cost Partitioning

for admissible heuristics h1, . . . , hn,
h(s) = h1,Π1(s) + · · ·+ hn,Πn(s)
is an admissible estimate

h(s) can be better or worse than any hi ,Π(s)
→ depending on cost partitioning
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Cost Partitioning

for admissible heuristics h1, . . . , hn,
h(s) = h1,Π1(s) + · · ·+ hn,Πn(s)
is an admissible estimate

h(s) can be better or worse than any hi ,Π(s)
→ depending on cost partitioning
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Heuristic value:
0 + 0 = 0
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Strategies for Defining Cost Partitioning

Some strategies for defining cost-functions:

zero-one: full operator cost in one copy, zero in all others (Edelkamp, 2006)

uniform: costi (o) = cost(o)/n

optimal: using linear programming (Katz et al., 2008)

saturated: consider heuristics one by one;
later heuristics may use “left-over” operator costs (Seipp, Keller, et al., 2020)
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optimal: using linear programming (Katz et al., 2008)

saturated: consider heuristics one by one;
later heuristics may use “left-over” operator costs (Seipp, Keller, et al., 2020)
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Strategies for Defining Cost Partitioning

Some strategies for defining cost-functions:

zero-one: full operator cost in one copy, zero in all others (Edelkamp, 2006)

uniform: costi (o) = cost(o)/n

optimal: using linear programming (Katz et al., 2008)

saturated: consider heuristics one by one;
later heuristics may use “left-over” operator costs (Seipp, Keller, et al., 2020)
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Optimal Cost Partitioning

Optimal Cost Partitioning with Linear Programming

Use variables for cost of each operator in each task copy

Express heuristic values with linear constraints

Maximize sum of heuristic values subject to these constraints

LPs known for

abstraction heuristics (Katz et al., 2010)

landmark heuristic (Karpas et al., 2009)
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Saturated Cost Function

A cost function c is saturated for a heuristic if

c(o) ≤ cost(o) for all operators o and

replacing the original operator cost function with c
does not change any of the heuristic estimates.

s

h∗ = 8

t

h∗ = 6

5

Cost should not become smaller than h∗(s)− h∗(t).
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Saturated Cost Function

A cost function c is saturated for a heuristic if

c(o) ≤ cost(o) for all operators o and

replacing the original operator cost function with c
does not change any of the heuristic estimates.
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Saturated Cost Function

A cost function c is saturated for a heuristic if

c(o) ≤ cost(o) for all operators o and

replacing the original operator cost function with c
does not change any of the heuristic estimates.

s

h∗ = 8

t

h∗ = 6

5

Cost should not become smaller than h∗(s)− h∗(t).
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Algorithm

Saturated Cost Partitioning: (Seipp and Helmert, 2014)

Iterate:

1 Pick a heuristic hi that hasn’t been picked before.
Terminate if none is left.

2 Compute hi given current cost.

3 Compute a saturated cost function ci for hi .

4 Decrease cost(o) by ci (o) for all operators o.

⟨c1, . . . , cn⟩ is a saturated cost partitioning for ⟨h1, . . . , hn⟩ (in pick order).

Ordering strategies → Seipp, Keller, et al., 2020
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General Cost Partitioning

Cost functions usually non-negative

We tacitly also required this for task copies

Makes intuitively sense: original costs are non-negative

But: not necessary for cost-partitioning!

General Cost Partitioning

Create copies Π1, . . . ,Πn of planning task Π

each has its own operator cost function costi : O → R
(otherwise identical to Π)

for all o: require cost1(o) + · · ·+ costn(o) ≤ cost(o)

⇝ sum of solution costs in copies is admissible heuristic:
h∗Π1

+ · · ·+ h∗Πn
≤ h∗Π

(Pommerening, Helmert, et al., 2015)

More powerful than non-negative cost partitioning
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We tacitly also required this for task copies

Makes intuitively sense: original costs are non-negative

But: not necessary for cost-partitioning!

General Cost Partitioning

Create copies Π1, . . . ,Πn of planning task Π

each has its own operator cost function costi : O → R
(otherwise identical to Π)

for all o: require cost1(o) + · · ·+ costn(o) ≤ cost(o)

⇝ sum of solution costs in copies is admissible heuristic:
h∗Π1

+ · · ·+ h∗Πn
≤ h∗Π

(Pommerening, Helmert, et al., 2015)

More powerful than non-negative cost partitioning
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General Cost Partitioning: Example
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Heuristic value with
best non-negative cost partitioning:
0 + 1 = 1
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General Cost Partitioning: Example
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General Cost Partitioning: Example
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Summary

Delete-relaxation heuristics simplify the task by ignoring all delete effects.

Abstraction heuristics simplify the task by not distinguishing all states.

Cost partitioning permits to admissibly sum up admissible estimates.



Heuristic Search Delete Relaxation Abstraction Cost Partitioning Summary References

References I

Blai Bonet (2013). “An Admissible Heuristic for SAS+ Planning Obtained from the
State Equation”. In: Proc. IJCAI 2013, pp. 2268–2274.
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“From Non-Negative to General Operator Cost Partitioning”. In: Proc. AAAI 2015,
pp. 3335–3341.
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Meets Regression: A Love Story in Optimal Classical Planning”. In: Proc. AAAI
2024, pp. 20238–20246.
Silvia Richter and Matthias Westphal (2010). “The LAMA Planner: Guiding
Cost-Based Anytime Planning with Landmarks”. In: Journal of Artificial
Intelligence Research 39, pp. 127–177.
Alexander Rovner, Silvan Sievers, and Malte Helmert (2019).
“Counterexample-Guided Abstraction Refinement for Pattern Selection in Optimal
Classical Planning”. In: Proc. ICAPS 2019, pp. 362–367.
Tim Schmidt and Rong Zhou (2011). “Representing Pattern Databases with
Succinct Data Structures”. In: Proc. SoCS 2011, pp. 142–149.
Jendrik Seipp and Malte Helmert (2014). “Diverse and Additive Cartesian
Abstraction Heuristics”. In: Proc. ICAPS 2014, pp. 289–297.



Heuristic Search Delete Relaxation Abstraction Cost Partitioning Summary References

References XI

Jendrik Seipp and Malte Helmert (2018). “Counterexample-Guided Cartesian
Abstraction Refinement for Classical Planning”. In: Journal of Artificial Intelligence
Research 62, pp. 535–577.
Jendrik Seipp, Thomas Keller, and Malte Helmert (2020). “Saturated Cost
Partitioning for Optimal Classical Planning”. In: Journal of Artificial Intelligence
Research 67, pp. 129–167.
Jendrik Seipp, Florian Pommerening, and Malte Helmert (2015). “New
Optimization Functions for Potential Heuristics”. In: Proc. ICAPS 2015,
pp. 193–201.
Silvan Sievers and Malte Helmert (2021). “Merge-and-Shrink: A Compositional
Theory of Transformations of Factored Transition Systems”. In: Journal of Artificial
Intelligence Research 71, pp. 781–883.



Heuristic Search Delete Relaxation Abstraction Cost Partitioning Summary References

References XII

Silvan Sievers, Thomas Keller, and Gabriele Röger (2024). “Merging or Computing
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